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Abstract

Reneging and Balking are two facts of customer impatience. In traditional queuing literature, customer impatience was
not often considered. However, for the last few decades, queuing theorists have been trying to integrate aspect of balking
and reneging into modeling of queues in a holistic way. This paper is an extension of the work in the same direction. We
consider a multiserver Markovian queuing model under the assumption that customers are state aware so that their
impatience is state dependent. We derive the generating function of the stationary system size distribution and obtain
mean system size along with other performance measures.
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1. Introduction

Queues are a very common day phenomenon which is present almost. Because of constraints with service delivery
mechanism, queues or waiting lines arise when the customers does not get service immediately i.e. when the demand for
a service facility goes beyond the capacity of that facility. Waiting is disliked as customers are hard pressed for time. The
act of having to wait in a line or queue often induces impatience in arriving customers. In queuing systems, such
impatience can be of two types — balking and reneging. If an arriving customer finds the service facility to be non-empty
and leaves without joining the queue, then such a phenomenon is called balking. Haight (1957) was possibly the first to
introduce the concept of balking.

Reneging is the other commonly observed impatient customer behavior. It occurs when arriving customers join the
queuing system, get impatient and leave before completion of service. Barrer (1957) has outlined two types of reneging -
viz. reneging till beginning of service (R_BOS) and reneging till end of service (R_EOS). Additionally, depending on the
nature of the reneging rate, queuing literature provides for splitting reneging into two types viz. position independent
reneging (PIR) and position dependent reneging (PDR). Choudhury and Medhi (2011B) have illustrated these two types
of reneging. Similar to reneging, the balking can also be classified into two parts viz. state independent balking (SIB) and
state dependent balking (SDB). (Choudhury and Medhi, 2012).

In-thispaper,-we-analyze-a-multiserver Markovian queuing system under the assumtion that customers may balk as well
as renege. We consider a specific balking rule where the balking probability of the customer decreases as the state of the

system goes up i.e. balking is state dependent (SDB). We also assume position dependent reneging (PDR) which is very
relevant from practical point of view. Here the reneging rate is a function of the position of the customer. For example,
in case of life insurance business where the purchase of a policy refers to the arrival of a customer into the queuing system
(insurance firm), the processed application can be called the departure from the queuing system, the claim processing
department is considered as a server and the system capacity (the number of policies it can accommodate) is taken as
infinite. The claims are processed in order of their arrival (i.e. the queue discipline is FCFS). Jain et al., (2014) have
assumed that the probability of joining the firm (i.e. chances of purchasing a policy) is higher when it has more number
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of insured customers with it and vice-versa. We also assume that the probability of joining is directly proportional to the
number of customers.

The subsequent sections of this paper are arranged as follows - section 2 contains a brief review of the literature. Section
3 contains the description of the model. Sections 4 and 5 contain the derivation of steady state probabilities and
performance measures considering the reneging rule as R_BOS and R_EQOS respectively. Section 6 deals with the
conclusions. Appendix A and Appendix B contains some derivations.

2. Literature Survey

One of the earliest works on balking was by Haight (1957). Barrer (1957) has carried out one of the early work on reneging
where he considered deterministic reneging with single server Markovian arrival and service rates. Customers were
selected randomly for service. In his subsequent work, Barrer (1957) also considered deterministic reneging (of both
R_BOS and R_EOS type) in a multi-server scenario with FCFS discipline. The general method of solution was extended
to two related queuing problems. Ancker and Gafarian (1963) have assumed the both reneging and balking in a M/M/1/N
Markovian model. Rao (1965) has investigated the M/G/1 process subject to interruptions of service and where units balk
and renege, and have obtained the steady state queue length probabilities and certain associated operational measures.
Rao (1969) has considered the effect of post-ponable interruptions on a M/G/1 queuing process where customers balk
with some probability and renege after having waited for a random length of time. Haghighi et al., (1986) have analyzed
balking and reneging in a multi-server queuing model. Steady state distribution of the number of customers in the system
was obtained. An expression for the average loss of customers during a fixed duration of time was also discussed.

Ke and Wang (1999) have done their work considering the M/M/R machine repair problem in which the failed machines
balk with a constant probability (1 — b)and reneging in which breakdown and repair time distributions of the servers
follow the negative exponential distribution. They have also performed the sensitivity analysis part. Wang and Chang
(2002) have derived the M/M/R queuing system with finite capacity considering balking, reneging and server breakdowns
where the arriving customers balk with a probability (1 — b,,) and renege according to a negative exponential distribution.
Sensitivity analysis of that model was also derived by them and they determined the optimal number of servers at
minimum cost. Choudhury and Medhi (2011) have also analyzed a multiserver Markovian queuing system under the
assumption that customers may balk as well as renege. They assumed that the reneging rate of the customers standing at
a distance from the service facility is higher than those placed near the service facility i.e. reneging rate is a function of
system state. State independent balking is considered with the assumption that each customer arriving at the system has
a probability ‘p’ of balking from a non-empty queue. Explicit closed form expressions were presented. A numerical
example with design aspects was also discussed to demonstrate results derived. Kuila (2013) has discussed about a steady
state solution of the ordered queuing problem with balking and reneging. She has taken the waiting line is of chi-square
queue with Poisson balking probability which depend not only on the number of customers in the system, but also the
rate of services in the system. A very recent work that have done by Wang and Zhang (2018) where they have investigated
an M/M/c queuing model impatience customers and dynamic service ability. Agarwal and Singh (2018) have illustrated
the development of a queuing model consist of reneging and jockeying. In their work, the complex system includes three
service terminals these all three were connected in parallel in tri-cum bi-serial way with a common service terminal.

Jain et al. (2014) developed and possibly introduced the concept of reverse balking in a single server Markovian queuing
system having finite capacity. The concept of reverse balking evolves from its application in investment business. In such
business, more number of customers associated with a firm becomes the attracting factor for investing customers and
conversely. The steady-state solution of the model was obtained and different measures of effectiveness were derived.
Sensitivity analysis of the model was also performed. Kumar et al. (2015) have assumed M/M/1/N feedback queuing
system with reverse balking. Feedback customer in queuing literature refers to a customer who is unsatisfied with
incomplete, partial or unsatisfactory service. The steady state solution and performance measures of the model have been
computed. Som and Kumar (2017) have also considered a single server, finite capacity queuing system with customer
retention and balking in which the inter-arrival and service times follow negative-exponential distribution. The reneging
times were assumed to be exponentially distributed. An arriving customer may not join the queue if there was at least one
customer in the system, i.e. the customer may balk. The steady state solution of the model has been obtained. Some
performance measures have been computed. The sensitivity analysis of the model has been carried out. The effect of
probability of retention on the average system size has been studied. The numerical results show that the average system
size increases proportionately and steadily as the probability of retention increases. Some particular cases of the model
have been derived and discussed.
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3. Assumptions Of The Model
The model we deal with is based on the following assumptions:

a) Arrivals are described by Poisson probability distribution and the inter-arrival times are exponentially distributed
with parameter A. Arriving customers form a single queue.

b) There are ‘k’ servers and the service times are exponentially distributed with parameter p. All Servers are
homogenous and function independent of each other.

c) The capacity of the system is infinite.
d) The queue discipline is ‘First-Come, First-served’.

e) Customers joining the system are assumed to be of Markovian reneging type. We shall assume that on joining the
system, the customer is aware of its state in the system. Consequently, the reneging rate is modeled as a function
of the customer’s state in the system. In particular, a customer who is at state n will be assumed to have random
patience time following exp (v,,). Here, v, is the reneging rate when state of the system is n. We considered v,,
under R-BOS as

a v _{ 0;n=012,.... K

TR T Wk n=k+1,k+2.....

b. Here we also assume that v > 1. Our aim behind this formulation is to ensure that higher the current
state of a customer, higher is the reneging rate. Hence we considered the reneging is position dependent.

f) We assume that balking is state dependent. It will be assumed that if the customer on arrival observes the system
to be in state ‘n’, the probability that the customer will balk is p*~* , wheren = k + 1,k + 2 ...... i.e. the balking
probability of the customer decreases as the state of the system goes up.

4. The Steady State Probabilites

In this section, the steady state probabilities are derived by using the Markov process method. Let p,denotes the
probability that there are ‘n’ customers in the system. The steady state equations are

APo = Ups (1)
Apn-1+ (n+ Dppryy = (A + nppy, yon=12,.. k1 2
Apg-1 + (ku+V)pgsq = [kn+ 21 —p)lpe n=k 3
B n—k+1_1) -1
AQ - p" ), + [ku + V(V(T] Pn+1= [/1(1 —ptTRly 4 (ku + ((v 5 ))] Dn
n=k+l, k+2, ......,0 4
Solving recursively, we get
)'n . p—
p. = [W] Po in=0,12..k (5)
nyn _ =k
py = [ D=kl D) in =kt k2, 00 (6)

p n= e
( T—k ) 0 s 3 eeeeeey
Klp®] r=k 1(ku+7( 3 )

Where p, is obtained from the normalizing condition Y5>, p, = 1 and is given as

[ 1
I I

Po =

AT k+1(1 )

l
) JJ

-1

k A 0
1+ Zn:l[W] +Zn=k+1l

l Kk I ku+

r=k+1
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Under R_EOS where customers may renege from queue as well as while being served. Let g,, denote the probability that
there are n customers in the system. Applying Markov theory, we obtain the following set of steady state equations.

Aqo = (L +Vv)qs @
)\qn—l + (Tl + 1)(“ + V)qn+1 = {A + n(u + V)}qn , n= 1;2;“--; k-1 (8)
Agi—1 + k(R +v) +Viqrsr = [kK(p+v) + (1 — p)]gx ©)

V(Vn_k+1 _ 1)

A1 =p" ) gpoy + [k(u +v) + Twon |

=[a1 - pm ) + (k(ut ) + 2D g,

(v-1)

n=k+l, k+2, ... ,00 (10)

Solving recursively under R_EOS, we get
An i
n = [W] Po N =012, ..., k (11)
nmn _ Tk
G = A lr=kpa (7P ()_ |0 sn =kl kA2 12)
ki) T k+1(k(u+v)+ = )

Where p, is obtained from the normalizing condition },»>_, ¢, = 1 and is given as

|
]

AT gy, A-P"7H)
1+3k_ 1[n,(u+v)n] +Xo k+J - r=k+1 )
[k'(u+V)kl'[-f:k+1<k(u+V)+ =1

B ]
[y

5. Performance Measures

The aim of all investigations in queueing theory is to get the main performance measures of the system which are the
probabilistic properties of the following random variables: number of customers in the system, number of waiting
customers, utilization of the server/s, response time of a customer, waiting time of a customer, idle time of the server,
busy time of a server. Of course, the answers heavily depends on the assumptions concerning the distribution of inter
arrival times, service times, number of servers, capacity and service discipline. It is quite rare, except for elementary or
Markovian systems, that the distributions can be computed. Usually their mean or transforms can be calculated.

The average humber of customers in the system is an important measure of system performance, which is denoted by L;.
Let P(s) be the p.g.f of the steady state probability. Then we note that

d
Ly posy = P/(1) = = P(8) [s=1

By solving this, we get (See the Appendix A and Appendix B for the derivations)

1 ) oo (o] ) 1 (o]
= AP(s) — Ap*7* z Pr(ps)™ + HZ np,s™ TS =Dy L Z pn(vs)™ + 1) Z PnsS™
n=k n=k n=k+1

n=k+1
ku - n
_?Z PnS l
n=k

Similarly under R_EOS, we get

P/(s)
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Q/(s) =

AQ(S) Ap'~ kZQn(PS)"‘F(H"‘V)Zn% nt W Z qn(vs)™

n=k+1
Y = k(n+v) =
- n_Z\ Y n
+ s(v—1) Z s s Z s
n=k+1 n=k

Putting s=1 in the above equations, we get the average number of customers in the system i.e.

1 [00)
Ly posy = E[l - Z PnQp™F —np + kp) — 1) Z P (v )]
n=k

n=k+1

Lg(r_gos)

Z G —n(u+v) + k(u+v)) — 1) Z g (VR = v)]

+v
P— n=k+1

Mean queue size can now be obtained and given by (under R_BQOS)

(o0}

Lq(r_pos) = Z (n = k)pn

n=k+1
k o
= LS(R_BOS) - Z np, —k (Z npn — Pk)
n=1 n=k
(o) 1 (o]
=—|1- Z PaQp™ ¥t =+ k) — o-D Z I ”Z np, — ki (Z np, — pk>l
n=k n=k+1

Similarly, Under R_EOS, we get

Lyr_Eos) = Z (n—k)q,

n=k+1
k oo
= Lgr_gos) — z ng, —k (Z ndn — Qk>
n=1 n=k
© n —k+1 _ ( + V) 1 &
[A DO G i) I S
| 4~ +k(u+v) v—-1) e
u +v e
l —(u+V)ann—ku ann_qk J
n=k

Using Little’s formula, we can calculate the average waiting time in the system and average waiting time in queue from
the above-mentioned mean lengths as follows:

Average waiting time in the system (4} is obtained as ( under R_BOS)

Ly(r_pos)
WS(R_BOS) = 1

1 [oe]
=—|21- pn(}\pn—k+1 —nu + li.) _ pn(vn —k+1 _ V)
A Zk 1) Z
n=

n=k+1

Under R_EOQS,
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L
(R_EOS)
Ws(R_Eos) = ST
O (PR =+ V) 1 i -
- v -V
A(u A+ v) Z ( +Hh(u+ V) V-1 £ In( )

and average waiting time in queue (W) obtained as (Under R_BOS)

Waqr_sos) = Wsr_sos) — —

1 o
= L; P (np — Ap™ — k) — —1) Z P (VT — )l

n=k+1

Similarly, under R_EQOS,
1
u+v

Wq(R_EOS) = WS(R_EOS) -

ﬂ(u +v)

an("(“”) WP k() ~ 1) Z a (V™" k“—v)]

n=k+1

Arrival rate of a customer into the system is A. However, because of balking, all the customers who arrive do not join the
system. Thus the effective arrival rate into the system is different from the overall arrival rate which is given by (R_BOS)

k-1 oo
Ar_pos) = /12 Pt AZ pp(1—p" )
n=0 n=k

Similarly, under R_EQS,
k-1

/1(R E0S) = Az qn + lz qn(1 —p™*h)

n=

We have assumed here that each customer has a random patience time following exp (v,,) where v, has been defined in
Section 3. Reneging rate is a function of system state. Clearly then, the reneging rate of the system would depend on the
state of the system as well as the reneging rule. The average reneging rates (Avgrr) is given by (R_BOS)

[oe]

vk - 1)
Avgrrg pos = —(v -1 Dn
n=k+1
Similarly, under R_EQS,
v(v* k- 1)
Avgrrg gos = 7(1/ -1 an
n=k+1

In a real life situation, customers who balk or renege represent the business lost. Generally, customers are lost to the
system in two ways, due to balking and due to reneging. Management would like to know the proportion of total customers
lost in order to have an idea of total business lost.

Hence, the mean rate at which customers are lost under R_BOS is
k oo
A — Alr_posy + AvgrTr gos == A — HZ npn, — ku (Z Npn — Pk)
n=1 n=k

Similarly, the mean rate at which customers are lost under R_EOS is
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k oo
A— A‘(?REOS) + Avgrrg,,s ==A—(u+V) Z ng, —k(p+v) (Z nq, — qk)
n=1

n=k

These rates helps in determining the proportion of customers lost which is of interest to the system manager as also an
important measure of business lost. This proportion is

{1 — Alr_pos) + Avgrre_pos}/A and {4 — Az posy + AVITTR gos}/A

under R_BOS and R_EOS respectively. The proportion of customer completing receipt of service can now be easily
determined from the above proportion.

6. Numerical Example
To illustrate the use of our results, we apply them to a queuing problem. We quote below an example from (Allen, 2005).

“KAMAKAZY AIRLINES is planning a new telephone reservation center. Each agent will have a reservation terminal and
can serve a typical caller in 5 minutes, the service time being exponentially distributed. Calls arrive randomly and the system
has a large message buffering system to hold calls that arrive when no agent is free. An average of 36 calls per hour is
expected during the peak period of the day. The design criteria for the new facility is The probability a caller will find all
agents busy must not exceed 0.1 (10%). How many agents (and terminals) should be provided?” (Table 1 should be here)

Table 1. Calculation of Difference Performance Measures

Performance measure Number of agents
K=7 K=8 K=9
Probability that an arriving customer receive service immediately | 0.15732 0.05229 0.0156
(:Z;.:=k+1 pn)
Probability that an arriving customer get all busy server (=1 — | 0.84278 0.94771 0.9844
Z;o:k+1 pn)
i 1 1 1
S b
n=0
Po 0.050009 0.049853 0.049805
Proportion of customers lost due to reneging and balking 0.031352 0.011307 0.003656
Arrival rate of customers reaching service station ( = 4°) 35.84149 35.94512 35.98274
Average number of customers in the system (= L) 3.06065 3.02748 3.00750

In order to meet the design requirement that the probability a caller will find all agents busy must not exceed 0.1 (10%), we
observe from Table 1 that the number of agents should be 8 or more. Keeping cost consideration in view, fewer numbers of
agents is better. We can thus settle for 8 agents. The proportion of customer lost is 1.1% where in the proportion of customer
lost in (Choudhury and Medhi, 2011B) was 2.2%.The reason is that in (Choudhury and Medhi, 2011B), the balking probability
was assumed to be constant whereas in our analysis, the probability of balking goes down as the system size increases. The
probability of losing a customer is very small (1.1%) because the average length of the system is 3.02 in case the number of
servers is 8 (i.e. k=8). Further the probability that an arriving customer receives service is 0.95. Thus 95% of customer do not
balk or renege. Only 5% customers are lost (reneged or balked) and leave the system without service.

7. Conclusions

Analysis of a multi-server Markovian queuing system with state dependent balking and state dependent reneging has been
presented. Closed form expressions of a number of performance measures have also been presented. To the best of our
knowledge, this has not been attempted in literature. The assumptions of state dependent balking and state dependent
reneging are the focus of this paper. Since balking and reneging is a commonly observed phenomenon, it is our belief that
results presented in this work will be used by practitioners of queuing theory. One can obtain results of the traditional
M/M/k models by substituting v = 0 and p = 0 in our results. An example from management prospective has been
included to demonstrate the usefulness of our results.
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Appendix A
Derivation of P/(1) under R_BOS
Let P(s)denote the probability generating function, defined by

P/(s) = X=oPas"
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From equation (2) we have
My + (n+ Dupper = A+ np, yon=12..,k1
Multiplying both sides of the equation by s"and summing over ‘n’

A5 [ 20 Pueas™ | = ANEZE pas™ = WEETInp,s™ = 2u X0+ Dppaas™t @

From equation (3) we have
Apg—1 + (K +V)Ppess = [np+ A(1 — p)]py
Multiplying both sides of the equation by s
APiec1S*71 = AL = PIPis® = kupyes® — = (ki + V) Py 55+ (b)

From equation (4) we have

yn—k+1

A = p" Yy + [+ u] Puaa=[ AL = p" ) + (e + ((v 1)_1))] Pn
n=k+l k+2, ......,0

Multiplying both sides of the equation by s"and summing over ‘n’

/15[ Z (1 —p""‘)pn_ls"‘l] - /1[ Z ¢! —p""‘“)an"]

n=k+1 n=k+1
z vy Tk —1) 1 z vkt — 1)
= k - @@ - n_ _ k - 7 n+1
[ B+ V-1 PnS S [ B+ V-1 Pn+1S
n=k+1 n=k+1

. (0)
Now adding (a), (b)and (c)

k-1 _ _ (=] _ _ —
= As [Zn=1pn_1sn Yt peeast TN Y (L= )py T 1] — AZKZiPas™ + (1 = p)pres™ +

n—k+1

v(v —1)] pnsn _

[kl.l + (v-1)

Y e (L= P st = WEEZ np,s™ + kupys® +Z

n=k+1
v(v nk_)

(v-1) ]pn+1sn+1]

HREAT G+ Dpuas™ + G+ p Y [t

n=k+1

D AS[EEdpas™ + N PaeaS" T = R N e (09)" ] — ALK pas™] — AL Pas™] +

A RN Pa@S)"] = us[P/(s) = X, npus™T] + kulP(s) — kI pas™] +

e PV = — [P(s) = ZH-oPns™ - ¢ [uS[P’(S) — D1 Do ey WPus™ ] + k[P(s) —

n—k+2_
Zn 0PnS ] +Vpk 1Sk+1 + u pn+15n+1
(v-1)

n= k+1
@ As{P(s)} — Asp' [P (ps) — TA pa(ps)™] = AP(s) — pol + Ap*~* [P(ps) = T paps)"] =
us[P/() = D17, mpus™] + KulP(s) — ZKZh pas™] + Y [Pvs) — 3¥_ pavs)"]| — = [P(s) -

o) _ k
Yk oPas™ = u[P/(8) —pr— X pus™TH = 2 [P(s) — T Pus™] — S ppsasKH —
n=k+1 s s

[ee]

1 *© n+1 v n+1
Zn=k+1 Pn+1(vs)"™ + sv—1) ankﬂ Pn+1S

s(v-1)vk-1
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As{P(s)} = Asp*~*P(ps) + Asp ™" EnZg pn(ps)™ — AP(s) + Apo + Ap* P (ps) —
_ k-1 co _ _
AN Pa(0S)" = usP/(s) —pus ), npns™ T+ kuP(s) — kuXrZi pps™ + WP(VS) -
1 oo — —
mZﬁzopn(vs)" - iP(s) + VVTIZLO Pns™ = WP/ (s) + Apg + 1 X, npps™ T — kppys< Tt —

k k _ k k
BP(s) + 2 EATd pus™ + L s = i1 8 = o [PS) = B PV = D (v5)H] +

S(vv_l) [P(S) - Z::O pn(S)n - pk+1(5)k+1]

AP(s)(s — 1) = Ap* ¥ P(ps)(s — 1) + Ap* ¥ (s — 1) TkZGpp(ps)™ = wP/(s)(s — 1) —

o _ 1 P(vs) 1 1
B2 MPnS" M (s — 1) + kpP(s)(1—2) — ku(l—-)Zn 0PnS +M%( i A= €

Y Do Pas)" = 25 PO =D + 55 (1= ) Thoo pa(o)" B [y 4 - ]

v-1) (w-1)vk-1
AP(s)(s — 1) = Ap**P(ps)(s — 1) + Ap* (s — DIP(ps) — Tk @)™ + 1 X, npus™ (s —
D= 2P(s)(s = 1) =2 (s — D) ZEZdPus™ = i 6 = D + 5o (6 — D Do Pa(v)" +

s(v=1)vk-1
P(s)(s—1) — (s = 1) XhooPps™ = uP/(s)(s — 1)

s(v 1) (V 1)

— o oo _ k _
WP/(s) = AP(s) = Ap" ™ S5 paps)" + 1 X npas™™ =L [P(s) — £ pys™] -

W [P(vs) — Zn oPn(vs)"] + 1) [P(s) — Z;’i:o Pns"]

_ koo o 1 kiwo
UWP~(s) = AP(s) — /1P1 k2n=k Pn(@s)™ + Zn=knpnsn t— ?uZn:kpnsn -

1

s(v—1)vk-1 Ynzk+1 Pa(vs)™ + s(v ) —— Y=k+1PnS"

Now putting s=1, we get the average number of customers in the system i.e. L

=

Appendix B

Ls= P/(1)
—[/1 /’lZp p"” "+1+uznpn kuan 1)vk n Z 120 + ) Z pnl
n=k+1
=—[ —ZPn(lp”"‘“—anu)—il) Z P (v V)l
H n=k n=k+1

Derivation of Q/(1) under R_EOS

Let Q(s) denote the probability generating function, defined by

Q/(s) = Lo qns"

From equation (8) we have
Mua+O+DW+HV)gr =A+n(w+v)iqg, ; n=12.., k1
Multiplying both sides of the equation by s"and summing over ‘n’

k-1 k—1
s [Z qn_lsn'l] -2 IZ qns"]
n=1 n=1
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- n k-1 n
= W+ V) ZEngns™ — S+ v) X (0 + Dnaas™? (d)
From equation (9) we have

A1 + k(L + V) + V) qisr = {n(n+v) + (1 - p)}qy
Multiplying both sides of the equation by s

A5qpe—15*7" = 2(1 — p)qies™ = k(n +v)qpes* — % k(u+v) +V)qpy sttt (e)
From equation (10) we have
ek v(vn—k+1 _ 1)
AL =p" ) pq + |k(n+v) + W In+1
- n—k+1 —k_1)
=2 = pr ) + (k(u+v) +2 (V )] an

n=kt+l, k+2, ......,©

Multiplying both sides of the equation by s"and summing over ‘n’

= AS[Z::k+1(1 =P )5 - A[Z:}=k+1(1 =P gas"] = Z k+1 [k(u )+
n=

v(vk-1)

n_1
= ]qns Szn ot [k(u+v) +

Now adding (d), (e) and (f)

k+1_1

] guars™t )

k-1 _ _ oo _ _
= AS[anlqn_ls" Y qeoast T Y (L= ) ST 1] AZEZL gps™ + (1 = pgies™ +

Z;‘;kﬂu—pn-k“)qns“] (+) D ngas™ + ks + Y [+
n=k+
vrokriog) n+1 k+1
(v 5 ]qns - —[(u+V) TRzi( + Dppars™t + k(4 v) + V)G +Z k+1[k(u+
n=
L k_1
v) + V(V—l)] Qn+15"+1]
= AS[Z 0qns™ + Zn ka1 9n— 1" l_pl k Zn k41 dn- 1(ps)™” 1] n 1qn " = A=k @nS™] +

DI 1 4 (PS)™] = (0 V)s[Q/(8) = 27, nds™ 1] + K+ v)[Qes) — TXCD gus™] +

e T V)] = == [Q) = Tk oo gns™] — §[<u +Vs[Q/() —q — X, nans™ ]+

yn—k+2 —v)

k(u+v)[Q(s) — Zﬁ:o qns"] + VCIk+15k-'-1 + Z (((T) CIn+15n+1]
n=k+1

> 25{Q(9)} — Asp T [Q(ps) — Thzb 4u(@s)"] = ALQ(S) — qo] + ' [0(ps) = T an(s)"| = (w+
V)s[Q/(8) = X0, naus™ ] + k(A WIS — T4 qus™] + o [Qws) — 3F_ gn(vs)"] -
Q) = B0 @ns™] = (A V[Q/() = @ — Ty, 10ns™ ] = EE2[QS) — TE o us™] —

v-1
oo

v k+1 _ 1 © n+1 v n+1
5 dk+1S S(v—1)vk—1 Zn:kﬂ A1 (vS)"" + So—-1) ankﬂ n+1S

= As{Q(s)} — Asp* 7 Q(ps) + Asp* ¥ X525 4 (pS)™ — 2Q(S) + Aqo + Ap* *Q(ps) —
A Y )t = (WA )SQ/(S) — (H Vs D nges™ ™ + k(4 )Qs) — k(n+
V) TAA 4™ + s QUS) — s B0 0 (v5)" — 22 Q) + 2 B0 6™ — (0 +M)Q/ () +

|
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k(p+v) k(u+v)
Q) + o= ThZh gus™ + = g s -

— [0 = X} _ aus" -

=] _ _ k( )
290 + (n+v) ank nq,s™ ' — k(u +v)qs* ! — us+v

1 k
ZqrsrstH — " [Q(VS) — Do In(VS)" — Qk+1(VS)k+1]

s(v 1)

CIk+15k+1]

2 Q) (s -1 —=2g"*Q(ps)(s — D+ W (s — D Tk qu(ps)" = M+ v)Q/(s)(s— 1) — (n+
V) Yo s (s = 1)+ k(u+ Q) (1-3) = k(u+v)(1 = H Dhhgus™ + =20 (1 - 3) -

(v-1)vk-1

3 v1)(1 _) n=04ns" QkHsSk [v+(v1—/1)_

1
(v—1)vk-1 (1- ;) Zﬁ:o Qn(VS)n

V1+k ]
(v—1)vk-1

= Q) (s =1 = p*QMs)(s — 1) + p* (s — DIQ®s) — Liii qn ()" + (1 +

V) Y nas" (s — 1) - "(“*”Q( )(s—1) - @(s—nzx;aqnsn—L”_@qH

s(v=1)vk-1

5= D X0 dns™ = (W+V)(s -

W(S D Y500 (vs)" + 55 AN — 1) -
1DQ/(s)
= (P— + V)Q/(S) = AQ(S) — /1p1—k Z;O:k qn(ps)n + (H + V) Zoozk nqnsn_l 3 @ [Q(s) _

Shzb 4ns™] = oy [QUS) = oo 4 (vs)™] + 155 [Q(S) — Bz 4ns™]

s(v 1)
—kyo © k( +v)
= (IJ'+V)Q/(S) = 2Q(s) — Ap* k2n=k gn(ps)" + (p+v) Zn=knqnsn 12 — Xn=kqnS" —
1 ©o v foe)
s(v-1)vk-1 Yn=k+1qn(vS)" + m2n=k+1 qns"

Now putting s=1, we get the average number of customers in the system i.e. L

= L= Q/(l) =

1 o — o) co
o) |2 =2 20 anp" "+ (4 V) D nn — k() T G —
1 oo 0 1 ) —
St Dk GV + o Bt 0| = e |1 T a0 = (= ) (+ V) —

1 —
o L=t A (V" et — V)]
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