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Abstract

This study develops an inventory model to determine ordering policy for deteriorating items with
shortages under markovian inflationary conditions. Markov processes include process whose future
behavior cannot be accurately predicted from its past behavior (except the current or present behavior)
and which involves random chance or probability. Behavior of business or economy, flow of traffic,
progress of an epidemic, all are examples of Markov processes. Since the far previous inflation rate
don’t have a great impact on the current inflation rate, so, it is logical to consider changes of the
inflation rate as a markov process. In addition, it is assumed that the cost of the items changes as a
Continuous — Time - Markov Process too. The inventory model is described by differential
equations over the time horizon along with the present value method. The objective is minimization
of the expected present value of costs over the time horizon. The numerical example and a
sensitivity analysis are provided to analyze the effect of changes in the values of the different
parameters on the optimal solution.

Keywords: Supply Chain, Inventory Management; Markovian Costs; Deteriorating Items.

1. Introduction

In real world problem, deterioration of many items such as chemicals, volatile liquids, blood banks,
medicines and some other goods during storage period is non-negligible. Furthermore, both
inflation and time value of money issues will have main effects in financial markets. Ghare and
Schrader (1963) were the pioneers to establish an inventory model for deteriorating items.
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Dave and Patel (1981) derived an EOQ (economic order quantity) model for deteriorating items
with time-proportional demand and without shortage. Sachan (1984) extended the model of Dave
and Patel (1981) by allowing shortages. Aggarwal and Jaggi (1995) proposed an inventory control
model for deteriorating items in which shortage was not permitted. Hariga and Ben-daya (1996)
developed lot-sizing problem with timedependent demand under inflationary conditions. Chen 1998,
proposed an inflationary model with time proportional demand and Weibull distribution for
deteriorating items using dynamic programming. Balkhi (2004a) presented a production lot-size
inventory model where the production, demand and deterioration rates are known, continuous and
differentiable functions of time. Shortages are allowed. Covert and Philip (2005) extended Ghare
and Schrader’s constant deterioration rate to a two-parameter Weibull distribution.Tripathi (2014)
developed a inventory Model for deteriorating Items with Four level System and Shortages.
Sharmila and Uthayakumar (2015) presented a inventory model for deteriorating items involving
fuzzy with shortages and exponential demand.

The mentioned studies have considered a constant inflation rate over the time horizon, but the effect
of inflation and time-value of money cannot be ignored. Buzacott (1975) made the first attempt in
this field that dealt with an economic order quantity (EOQ) model with inflation subject to different
types of pricing policies. Aggarwal (1981) developed a purchase inventory decision model for
inflationary conditions. Chen (1998) presented an inventory model for deteriorating items with time
proportional demand and shortages under inflation and time discounting. Chung and Lin (2001)
proposed an Economic Order Quantity (EOQ) model for deteriorating items, where the time value
of money is taken into account. Liao and Chen (2003) surveyed a retailer’s inventory control system
for the optimal delay in payment time for initial stock dependent consumption rate when a
wholesaler permits delay in payment. The effect of inflation rate, deterioration rate, initial
stock-dependent consumption rate and a wholesaler’s permissible delay in payment is discussed.
Chang (2004) proposed an EOQ model for deteriorating items under inflation when the supplier
offers a permissible delay to the purchase. Lo, Wee, and Huang (2007), developed an integrated
production-inventory model with assumptions of varying rate of deterioration, partial backordering,
inflation, imperfect production processes and multiple deliveries. Loa et al. (2007) represented an
integrated production inventory model for imperfect production with Weibull distribution
deterioration under inflation. Mirzazadeh et al. (2009) presented stochastic inflationary conditions
with variable probability density functions (pdfs) over the time horizon and the inflation dependent
demand rate. The developed model, also, implicates to a finite replenishment rate, finite time
horizon, deteriorating items with shortages. Mirzazadeh (2010b) proposed an inventory model with
stochastic internal and external inflation rates for deteriorating items and allowable shortages.
Alizadeh et al. (2011) developed a modified (S _ 1,S) inventory system for deteriorating items with
Poisson demand and non-zero lead time. Lee and Chang (2012) proposed An Inventory Model for
Deteriorating Items in a Supply Chain with System Dynamics Analysis. Ghoreishi et al. (2014)
presented optimal pricing and ordering policy for non-instantaneous deteriorating items under
inflation and customer returns. Pall et al. (2015) presented a production inventory model for
deteriorating item with ramp type demand allowing inflation and shortages under fuzziness.

Markov chain is concerned with a particular kind of dependence of random variables involved.
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When random variables are observed in sequence, the distribution of a random variable depends
only on the immediate preceding observed random variable and not on those before it. In other
words, given the current state, the probability of the chain’s future behavior is not altered by any
additional knowledge of its past behavior. This is the so-called Markovian property. Markov chain,
a well-known subject introduced by Markov in 1906, has been studied by a host of researchers for
many years Chung (1960), Doob (1953), Kushner & Yin (1997). Markovian formulations (see
Chiang (1980), Yang, Yin, Yin, & Zhang (2002), Yin , Zhang, Yang, & Yin (2001), Yin & Zhang (
1997), Yin, Yin, & Zhang (1995) and the references there in) are useful in solving a number of real-
world problems under uncertainties such as determining the inventory levels for retailers,
maintenance scheduling for manufacturers, and scheduling and planning in production
management. Chakravarthy and Daniel (2004) presented a (s,S) inventory system for continuous
decaying items with phase type replenishment time in which backorders of demand are allowed.
They modeled their system according to Markovian Arrival Process (MAP). (s,S) inventory policy
and exponentially distributed lead time were assumed by Sivakumar (2009). In addition, it was
considered that demands occurring during the stock-out periods enter into an orbit. The orbiting
demands send out signal according to exponential distribution to compete for their demand. The
system has been analyzed as a Markov process. Larsen and Turkensteen (2014) presented a vendor
managed inventory model using continuous approximations for route length estimates and Markov
chain modeling for cost estimates. Diaz et al (2016) developed analyzing a lost-sale stochastic
inventory model with Markov - modulated demands: A simulation-based optimization study.

As mentioned above, it's clear that in the real world, especially, for long-term investment and
forecasting, the fluctuations in the inflation rate cannot be disregarded. Therefore there is a need to
consider the inflationary changes and inventory control problem in a fluctuating inflation rate
environment, and a Markovian inflationary modeling approach provides an effective mechanism to
address this problem. In none of the previous models, it's not used markov properties for studying
changes of inflation rate. The main contribution of this paper is to establish the mathematical model
for deteriorating items with considering changes of inflation rate as a Markov chain in addition, it
surveys the changes of cost of the items in each cycle except for the last cycle as a Continuous Time
Markov Process. Our main objective is minimization of the expected present value of costs over the
time horizon.

The rest of the paper is designed as follows: Section 2, includes the assumptions, notations and
description of the inventory system. In Section 3, mathematical model is shown in Section 4, the
objective of the problem is derived. Section 5, explains the solution procedure. Section 6, provides
the numerical example to clarify how the proposed model is applied. In section 7 the sensitivity
analysis has been provided for validation of the theoretical results. The final section is devoted to
the conclusion.

2. The Notations and Assumptions

The following notations and assumptions are used in this paper:
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2.1. Notations

The discount rate.

The constant annual production rate.

The constant deterioration rate per unit time, where (0 <0 <1).
Parameter of exponential distribution.

Per unit cost of the item at time zero.

The ordering cost per order at time zero.

The fixed time horizon.

The stationary distribution of inflation rate

ST WO > DT
=

2.2. Assumptions

(1) Inflation rate changes as a discrete time Markov chain, over the time horizon.

(2) The demand rate is constant.

(3) The replenishment rate is finite and lead time is zero.

(4) A constant fraction of the on-hand inventory deteriorates per unit time.

(5) The production rate is higher than the rates of consumption and deterioration. On the other hand,
the inventory level will increase as the production continues.

(6) Shortages are allowed and fully backlogged except for the final cycle.

(7) The cost of items changes as a Continuous-Time Markov-Process, in each cycle except for the
last cycle, over the time horizon.

3. Model formulation

According to the assumptions, we formulated mathematically the proposed inventory model.
According to the model of Mirzazadeh et al. (2009), the graphical presentation of the proposed
inventory is shown in Fig. 1. It's assumed the length of planning horizon H = n.T; where n is an
integer decision variable representing the number of replenishments to be made during H; and T is
time between two replenishments. The time horizon, H, is divided into n equal cycle each of length
T. Each inventory cycle except the last cycle can be divided into four parts. The production starts at
time zero and the inventory level is increasing. This fact continues till the production stops at time a.
Then, the level of inventory is decreasing by consumption and deterioration rates. At the moment of
kT, the inventory level leads to zero and shortages occur. During the time interval [kT, ], we do not
have any deterioration, and therefore the shortages level linearly increases by the demand rate. At
time B, the production starts again and the shortages level linearly decreases until the moment of T.
In this moment, the second cycle starts and this behavior continues till the end of (n-1) cycle. In
the last cycle, shortages are not allowed and each inventory cycle can be divided into two parts. The
production stops at time (n-1)T+ o and then the inventory level decreases until the end of time
horizon.
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Figurel. Graphical representation of the inventory system

4. The mathematical modelling and analysis

So according to this description the changes of inventory respect to time can be shown using the
following differential Equations:

dlit,) _ 1
T+9I1{t1}— p—D,ﬂﬂtliﬂf { }
During [0, KT), the inventory level can be described as follows:
dlity) _ 2
?+ E‘Iz{tz:l——D, ﬂﬂtzﬂkT—ﬂ! { )
During [KT, B), we have no deterioration. Therefore, the shortages level is governed by
) _ _p o<t,<p—kT—a )

dty

Finally, during [B, T) the shortages level is represented by

(4)

L) _p _p,  0<t,<T—B

dt,
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In the last cycle, shortages are not allowed and the inventory level is governed by the following
differential equations:

(li(ti)) denotes the inventory level at any time t; in (i-4)th part of last cycle that is i = 5, 6).

209 4 b1 () =P —D, O0<t <y (5)
-1

dl(t.) _ &

2CD 4 61,(t) =-D, 0<t<T—y (6)

The solutions of the above differential equations after applying the following boundary conditions:

11(0) = 0, Io(kT-a) = 0, I3(0) = 0, 14(T-B) = 0, I5(0) = 0 and le(T- ¥) = 0, are:

—-D
L) =22 (1-e*) 0t <a ¢
—D B(KT—a—
L) = — (1 - e?®=5), o<,
<kT —a (8)
I;(t;) = —Dt,, 0<t; <fF—kT ©)

I(ty) = (P-D)(t,— T+ B), 0=, =T- P

(10)
(11)
—-D
I(t) = pT@ —ef) 0=t <
(12)
I(tg) = _E_D (1-e®T7 )0t =T —y

Using the mentioned equations, we can calculate the values of o, B and ¥ with respect to k and T.

|
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Solving li(a) = I2(0) for & we have,

P-D{1-"%1}

)y (13)

a = —In(

B can be calculated by solving I3(B-kT) = 14(0)
_ [p-p(1-m)IT

p= ———— (14)

Finally, solving Is(¥) = 1(0) for ¥ we have

1 p-p(1-&T)
y=gIn—F—)
(15)

5. Markov process

A Markov process is a stochastic process with the following properties:

(a.) The number of possible outcomes or states is finite.

(b.) The outcome at any stage depends only on the outcome of the previous stage.
(c.) The probabilities are constant over time.

If x, is a vector which represents the initial state of a system, then there is a matrix ¥ such that the
state of the system after one iteration is given by the vector Mx,. Thus we get a chain of state
vectors: x4, Mx,, M*x,, ... where the state of the system after n iterations is given by M"x,. Such a

chain is called a Markov chain and the matrix M is called a transition matrix.

In this study, it is assumed that inflation rate changes as a markov chain and then it will be to
predict and estimate the stationary distribution of inflation rate, as shown in appendix A.

The objective of the problem is minimization of the total expected present value of costs over the
time horizon. Considering ECP as the expected present value (EPV) of costs of purchasing, ECH as
the EPV of costs of holding, ECS as the EPV of costs of shortages and ECR as the EPV of costs of
replenishment, respectively. The total expected present value of costs over time horizon (ETVC) is:

ETVC(n, k) = ECR + ECP +ECH + ECS (16)
The detailed analysis is given as follows:

The EPV of ordering cost (ECR)

Consider CR as the ordering cost, therefore,

|
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ECR = S8, £() s(1 + (Ejst e o0 (e B0, a7)

The EPV of purchasing cost (ECP)
Let ECP1 be the EPV of the purchase cost. The EPV of the purchase cost in the last cycle is shown

with ECP2. The first purchase is ordered at time zero and equals to: cPa. Then, next purchase will
occur at time B. therefore,

| f—U-1ir-i/1007T)

;

ECP:- (T8, FOEITE e.p. (—— +

p-of1-# T
In| ———

(Hcmxfmwﬂmﬁlﬂ@ﬁijﬂﬁrmu}(cj_Fﬁwﬂmwiﬂmﬁiiﬂﬁrqﬂ)
n| ——— rT—Iln| —————
F I . F g

(Jip-nu-s)r e h.exp(—h.tz)dtz Qza] ). (. ’{T _[ppa-k)r A exp(—h.ty)dty . Qe )
F

F

e (M’*—% ~0m(r—) 'JJ( _ [popla-i)r
F

(18)

In the last cycle, one order will occur at time (n-1)T and the order quantity is ¥P. the EPV of the

purchase cost in the last cycle will be one of the following phrases:

ECP={cp(ZE_, f() G In———2 £DU=)) o~ (r—i/100)7) (19)

The total expected purchase cost over the time horizon would be

ECP = ECP1+ECP;
(20)
The EPV of holding cost (ECH)
Let ECH1 be the EPV of the holding cost. The EPV of the holding cost during the last cycle, can be
defined with ECHo.

ECH1={

|
Int J Supply Oper Manage (IJSOM), Vol.3, No.1 1199



Nasrabadi and Mirzazadeh

1 P-Da— BE‘HT]

60 P -8ty (—(r—ifeo0l e
e e T i)
i=— j= g
dt1+
h(ﬂ(ﬂ)
P
B| kT -] —tz
1 P—Dii—smﬁ'
IH‘EIH(T -D(1-e" T
’ a8
(BxT)
1n(ﬂ%l)&_qmﬂ

(22

Zln _ —g—Bte)y) (=lr=if100] ts)
ECH; = {Cl(_r':fT F (P ul ]}

- dt..
g (—(r-if/100)(n-1)T) N
/ h(p_u(i; stm)) \
g T- 5 —t&
ol 1-&" * B[—[‘i"—f_.":l.l:lﬂtﬁ]
_ _ 8T
T—%]n(P—D(; i ]) I,\ /,l
I - dt.).

(p-p(1- e”]) }}

E(—(r—iﬁlﬂﬂ}(n—l}?+%]n( =
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.'rp b |:1— e':ﬂ'n;l..] .lll .". N

o In| P |
a T—%—rﬁ
—pl 1 E'-.~ \ J‘j o~ (r-i/100) £6)
P-p(1-7T) P_pi1-eBTT,

r-1 “('T X ) (—(r—i.-"iﬂﬂ}l:u—1}1’+%ln|{fﬂ|;; )
jﬂ - dt.).e )
}

(22)

So, the total EPV of the holding costs over the time horizon is

ECH = ECH; + ECH; (23)

The EPV of shortage costs (ECS)

ECS shows the EPV of the shortage costs. Shortages are not allowed in the last cycle.

(—fm—if - =
(P-D2-RT - —dta.e"'*’"'“lm}'rﬁ} dl‘gj-e“ "T[’" -_nn.}j'

ECS= (X8 ,f(D(Eie(f, *

(P-Dls-i)T . .
po =7 (P-D(1-1))T
w77 P (D—p).(—t,— T —E2OIT

N Ak Y

F . _— [ %™ . .
(p—D a7 r-—=] il LY
L [i—a1{r
L ) (=lj-2 I__ L]

o

e g )} (24)

6. Solution algorithm

The steps of the optimum solution procedure are described below. The problem is to determine the
optimal values of n, k”, so as to minimize the total expected inventory system costs.

Step 0. Set n=1,
Step 1. Substitute all the given values (s, 1, p, etc) into (16) and take the partial derivation of

ETVC (n, k) with respect to k and Equate the partial derivation to zero, as
follow:
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dETVE (n.k)
dk

=0
Step 2. Substitute k” into Equation(16).
Step 3. Set n=n+1, If n=2, then go to step 1.

Step 4. IFETVC (n-1, k") < ETVC (n-2, k"), then go to step 1.

Else, The ((n-2)*, k*) and ETVC ((n-2)*, k*) values constitute the optimal solution, and
then stop.
The (n*, k*) and ETVC (n*, k*) values satisfy the following conditions:

AETVC (n*-1, k*)>0
Where AETVC (n*, k*) = ETVC (n* + 1, k*¥) — ETVC (n*, k*)

To ensure convexity of the objective function, the derived values of (n*, k*) must satisfy the
following sufficient conditions;

dZETVC(n, k)
_— =
dkz

7. Numerical example

According to the results, the following numerical example is providing to illustration. the time
horizon, H, is 10 years. The company interest rate is 10% and the deterioration rate of the on-hand
inventory per unit time is 0.02. The constant annual production rate is 4000 units. Also, let
r=%$0.2/$/year; 6 = 0.01; P = 4000 units/year. The ordering, production, holding and shortage costs
at the beginning of the time horizon are: S = $50/order; ¢ = $5/unit; c1 = $0.1/unit/year; c2 =
$0.2/unit/year and the demand rate is D = 1000.

The problem is to determine the optimal ordering policy for minimizing the EPV of the total
inventory system costs (ETVC (n, k)). Considering the above information and using the numerical
methods, the problem i solved and the results are illustrated in Table 1. It can be seen that the
number of replenishment = 41 and time interval between replenishments is

1

T*=2"=0.244 year.

The shortages occur after elapsing 39% of the cycle time. ( k*= 0.39 ). The minimum value of the
ETVC (n, k,) with these values is 3 250 000.
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Table 1. Optimal solution for numerical example

n k ETVC (n,k) n k ETVC (n,k)
1 0.39 0.587 * 10n7 34 0.37 0.339 * 10n7
4 0.39" 0.495 * 10n7* 41 0.39 0.325* 10n7
9 0.38 0.473 * 10n7 15 0.39 0.452 * 10n7
14 0.39 0.428* 10n7 20 0.37 0.497 * 10”8
18 0.39 0.380 * 10n7 50 0.39 05.72 * 10”8
26 0.39 0.352 * 10n7 100 0.38 0.672* 10”8

8. Sensitivity analysis

In order to assess the relative impact of the different parameters on the solution quality, systematic
sensitivity analysis was performed. On the basis of sensitivity analysis of the parameters. The value
of each given parameters, demand (D), the time horizon (H), the deterioration rate (6),the discount
rate (r), the ordering cost (s), the production rate (p) and unit cost of the item (c) was changed, This
fact is done by changes ( -50%, -20%,0%, +20%, +50% ) of different parameters value in Table 2.
On the basis of sensitivity analysis of the parameters, the following features are observed.

1. The number of replenishments (n) is sensitive to changes of value of demand, Changing of
values of the parameters the deterioration rate (6),the discount rate (r), the production rate
(p) and unit cost of the item (c) have little effect on the number of replenishments (n) and it
is slightly sensitive to changes of this parameters. In addition the number of replenishments
(n) is highly sensitive to changes of the values of the ordering cost (s) and the time horizon

(H).

2. If production rate (p) increases, then the number of production increases which implies the
increasing value of total expected cost (ETVC). Changing of values of the parameters
demand (D), the time horizon (H) and the discount rate (r) changes of value of total
expected cost (ETVC). But value of total expected cost doesn't change much with changes
of the parameters the deterioration rate (0), unit cost of the item (c) and the ordering cost (s).

3. The optimal value of k is slightly sensitive to changes of the parameters demand (D), the
production rate (p), the ordering cost (S), the time horizon (H) and the deterioration rate
(0).is sensitive to changes value of the discount rate (r), but not much, and it is sensitive to
changes of value of parameter of unit cost of the item (c).

Int J Supply Oper Manage (IJSOM), Vol.3, No.1 1203
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Table 2. Effects of changes in model parameters on n, k and optimal expected system cost

-50% -20% 0% 20% 50%
D n 17 26 41 45 54
k 0.40185 0.40239 0.40161 0.40376 0.40464

ETVC 0.134.10%7 | 0.314.10"7 | 0.423.10"8 | 0.586.10"8 | 0.731.10"8

P n 4 4 M M 42

k 0.42431 0.41466 0.40161 0.41351 0.40713

ETVC 0.152.10"7 | 0.240.10"8 | 0.423.10"8 | 412.10"8 | 0.593.10"8

S n 58 46 41 38 34
k 0.40161 0.41162 0.40161 0.41261 0.40652
ETVC 0.235.10"8 0.274.. 0.423.10"8 | 0.219.10"8 | 0.184.10"8
1078
C n 39 40 41 42 43
k 0.59191 0.43328 0.41161 0.39944 0.37557

ETVC 0.412. 10”8 0.1419. 0.423.10"8 | 0429.10"8 | 0.438.10"8

1078
H n 20 33 41 50 63
k 0.40161 0.41161 0.40161 0.40171 0.40178

ETVC 0.186.10"8 | 0.287.10"8 | 0423.10"8 | 0.654.1078 | 0796.10"8

r n 40 41 41 41 42

k 0.42341 0.42341 0.40161 0.39141 0.39234

ETVC 0.543.10"8 | 0.456.10"8 | 0.423.10"8 | 0.376.10"7 | 0.245.10"7

6 n 41 41 41 41 42

k 0.42253 0.41563 0.40161 0.39213 0.38342

ETVC 0.505.10"8 | 0.477.10"8 | 0.423.10"8 | 0.392.10"8 0.342
.10"8

|
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9. Conclusion

We developed an inventory control model to manage the deteriorating items when shortage is
permitted. The present value of total cost during the planning horizon in this inventory system is
developed first, the proposed model is illustrated through numerical example and the sensitivity
analysis is performed. In many inventory models under inflationary conditions, it has been assumed
that the inflation rate is constant over the planning horizon, but the effect of inflation and time-value
of money cannot be ignored. In this study, an inventory model developed to manage the deteriorating
items under markovian inflationary conditions when Shortages are taken into account. It's assumed
assumed the demand and deteriorating rates are constant and planning horizon is finite. Inflation
rate changes as a chain markov, in addition it considers the changes of cost of items in each cycle
except for the last cycle as a Continuous-Time Markov- Process, over the time horizon. The
objective of the problem is to determine the optimal ordering policy for minimizing the total costs
of the inventory system. The proposed model is illustrated through the numerical example and the
Sensitivity analysis is performed for evaluation and validation.
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Appendix A

We want to determine the stationary distribution of inflation rate in 1991 to 2011in Iran.
Let: Xy: inflation rate in the state n.

Assumptions:

1. Each state has long been a month.

2. Using of the wholesale price of goods, inflation rare is calculated in each situation compared with
the previous situation.

3. Inflation rate in the state n than to the state n-1 is calculated as follows. The inflation rate of
(n-1)-th month to n-th month is:
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Xn= [(Cn' Cn-l) /Ch-1 ] .100

Nasrabadi and Mirzazadeh

Cn is price index in month n and is reported by the Iranian Central Bank. The base year (the year is
that the index is set equal to 100) is 2004.

Annual growth of index in the year t than to the year t-1: [Average of the year (t) - average of the

year (t-1)] / average of the year (t— 1)

Table A.1. The total price index of consumer goods and services in urban areas (2004=100)

onth Apr May June July Aug Sep Oct Nov Dec Jan Feb Mar Average Inflation
of year rate
Year
1991 6.7 6.6 6.6 6.6 6.5 6.6 6.6 6.7 6.9 7.0 7.1 7.3 6.8 90
1992 74 7.6 7.6 7.7 7.9 8.1 8.2 8.2 84 8.6 8.9 9.4 8.2 20.7
1993 9.8 9.6 9.8 9.8 9.9 10.1 10.1 10.1 10.3 10.5 10.9 11.2 10.2 24.4
1994 147 115 11.7 11.7 11.9 121 12.4 125 13.0 13.3 13.7 144 125 22.9
1995 222 15.0 15.3 155 15.7 16.3 17.1 17.1 174 18.1 195 20.8 16.9 35.2
1996 30.3 23.7 23.9 23.7 23.9 245 25.0 25.6 26.4 27.2 27.8 28.4 25.2 494
1997 345 30.0 29.8 29.9 30.0 304 30.8 312 319 323 328 333 31.0 23.2
1998 40.9 351 353 353 35.7 35.9 36.0 36.3 36.9 37.8 389 394 36.4 17.3
1999 49.5 41.0 41.0 415 41.7 42.1 42.6 43.2 44.4 45.0 45.8 46.9 43.0 18.1
2000 56.0 49.9 50.3 49.9 50.2 50.6 51.2 515 52.8 53.9 54.6 55.3 51.6 20.1
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Table A.1. Continued

Month Apr May June July Aug Sep Oct Nov Dec Jan Feb Mar Average of Inflation
year rate
Year
2001 62.7 56.1 56.9 56.4 57.0 575 57.8 58.4 59.6 60.0 60.5 61.6 58.2 12.6
2002 70.1 62.7 62.8 63.3 63.7 64.0 64.4 64.7 65.9 66.9 67.7 68.8 64.8 11.4
2003 82.6 7.7 72.8 73.0 73.2 74.4 74.2 75.3 76.7 78.3 79.8 80.0 75.0 15.8
2004 94.5 83.4 84.6 85.2 85.4 85.3 85.9 86.9 88.9 90.0 90.6 92.1 86.7 15.6
2005 110.0 95.7 96.9 98.1 98.7 98.9 100.1 | 1029 | 102.0 | 103.3 | 1045 106.4 100.0 15.2
2006 115.8 109.1 108.9 108.2 108.0 108.4 109.2 110.3 111.4 112.3 113.3 115.1 110.4 104
2007 135.3 116.9 119.0 118.9 119.4 121.7 123.4 124.4 127.4 129.9 131.6 133.0 1235 11.9
2008 168.0 136.3 138.1 139.2 140.0 1435 145.7 148.2 152.4 154.8 158.2 162.9 146.2 18.4
2009 194.0 170.8 174.6 1755 178.7 185.7 188.7 190.2 192.6 191.0 191.1 191.9 183.3 254
2010 2140 | 1964 | 1999 | 200.0 | 2021 | 2029 | 203.1 | 2042 | 206.8 | 208.1 | 208.1 | 2119 203.0 10.8
2011 256.1
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Table A.2. Monthly rate of change of the price index (monthly inflation rate) from 1991 until 2011

onth Apr May | June July Aug Sep Oct Nov Dec Jan Feb Mar
Year
1991 1 2 1 1 2 2 1 0 2 2 2 5
1992 -2 2 0 1 2 0 0 1 1 3 2
1993 g 0 1 0 1 1 2 0 4 2 3 5
1994 2 2 2 1 1 3 4 0 1 4 7 6
1995 6 6 0.84 -0.84 0.84 2 2 2 3 3 2 4
1996 0 -0.66 | 0.33 0.33 1 1 1 2 1 1 1
1997 : 1 1 0 1 0.56 0.27 0.83 1 2 0.52 1
1998 : 0.24 0 1 0.48 0.95 1 1 2 1 1 2
1999 : 0 0 1 0 1 -0.7 0.58 0.58 2 1 1
2000 : 0.17 1 1 -0.87 0.87 1 0.52 2 0.67 0.83 1
2001 ; 0 0.15 0.79 0.63 0.47 0.62 0.15 1 1 1 1
2002 0.43 0.85 1 0.27 0.27 1 -0.26 1 1 1 1 1
2003 21 0.96 1 0.7 0.23 -0.11 0.7 1 2 1 1 1
2004 2 1 1 1 0.61 0.2 1 0.79 1 1 1 1
2005 -0.18 | -0.18 | -091 | -0.81 | 0.37 0.73 1 0.99 0.8 0.89 1
2006 : 0.94 1 -0.08 0.42 1 1 0.18 2 1 1 1
2007 0;6 0.37 1 0.72 0.57 25 1 1 2 1 2 2
2008 ¥ 1 2 0.51 1 3 1 0.79 1 -0.51 -0.52 0.41
2009 1 1 1 0.05 0.5 0.49 0.09 0.04 1 0.49 0.48 1
2010 /34 0.42 0.69 0.46 1 0.76 1 1 2 0.99 2 3
2011 0.39

|
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Figures in Table3, indicate the state space. Since elements of the state space must be integer, we
convert the figures as follows: Suppose K is an integer.
If Xn€ (k-0.5, k+0.5) then X =k, So, we have: -2,-1, 0, 1, 2, 3, 4, 5, 6}

Table A.3.
onth Apr May June July Aug Sep Oct Nov Dec Jan Feb Mar

Year

1991 1 2 0 1 2 2 1 0 2 2 2 5
1992 4 -2 2 0 1 2 0 0 1 1 3 2
1993 2 0 1 0 1 1 2 0 4 2 3 5
1994 2 2 2 1 1 3 4 0 1 4 7 6
1995 6 6 1 -1 1 2 2 2 3 3 2 4
1996 2 0 -1 0 0 1 1 1 2 1 1 1
1997 3 1 1 0 1 1 0 1 1 2 1 1
1998 3 0 0 1 0 1 1 1 2 1 1 2
1999 5 1 1 -1 1 1 1 1 1 2 1 1
2000 1 0 1 -1 1 1 1 1 2 1 1 1
2001 2 0 0 1 1 0 1 0 1 1 1 1
2002 0 1 1 0 0 1 0 1 0 2 1 1
2003 2 1 1 1 0 0 1 1 2 1 1 1
2004 2 1 1 1 1 0 1 1 1 1 1 1
2005 3 -1 0 -1 0 0 1 1 1 1 1 1
2006 1 1 1 0 0 1 1 1 2 1 1 1
2007 1 1 1 1 1 3 1 1 2 1 2 2
2008 3 1 2 1 1 3 1 1 1 -1 -1 0
2009 1 1 1 0 0 0 0 0 1 0 0 1
2010 1 0 1 0 1 1 1 1 1 2 2 3
2011 0

|
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Table A.4. Frequency Matrix

-2 -1 0 1 2 3 4 5 6
-2 0 0 0 0 1 0 0 0 0
-1 0 1 4 3 0 0 0 0 0
0 0 2 12 18 1 0 1 0 0
1 0 4 16 68 14 2 1 0 0
2 0 0 6 12 93 12 0 0 0
3 0 1 2 0 2 1 1 1 0
4 1 0 1 0 2 0 0 0 0
5 0 0 0 1 1 0 1 0 0
6 0 0 0 1 1 0 0 0 1

fij represents the number of observations from the state of i to the state of .

Transfer Matrix:
This matrix calculated using the frequency matrix and considering the following equation:
Pij = i /> fjj J=-2...6

Table A.5. Transition Matrix

-2 -1 0 1 2 3 4 5 6
-2 0 0 0 0 1 0 0 0 0
-1 0 0.125 0.5 0.375 0 0 0 0 0
0 0 0.05 0.35 0.52 0.029 0 0.029 0 0
1 0 0.03 0.15 0.64 0.13 0.019 0.009 0 0
2 0 0 0.04 0.09 0.75 0.0 0 0 0
3 0 0.125 0.5 0 0.5 0.125 0.125 0.125 0
4 0.25 0 0.25 0 0.5 0 0 0 0
5 0 0 0 0.33 0.33 0 0.33 0 0
6 0 0 0 0.33 0.33 0 0 0 0.33

[(f(-2), T(-1), £(0). (1), f(2), T(3), f(4), 1(5), f(€)] . A= [((-2), (-1), 7(0), f(1), f(2), 1(3), 7(4), (5),
f(6)]

So we have:
f(-2) =0.01, f(-1) = 0.06, f(0) = 0.3, f(1) = 0.15, f(2) = 0.3, f(3) = 0.07, f(4) = 0.04,

f(5) = 0.03, f(6) = 0.04

|
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Appendix B

Now, It's assumed that the cost of items in first (n-1) cycle changes as a Continuous - Time Markov-
Process. If we consider cost of items in each cycle at time (j-1) T, (j=1...n) is co, then we want to
predict the values of cost of items at time (j-1) T +p, (j=1...n). Now consider state space as follow:

S ={co, C1,C2,C3,Ca }

To determine a Continuous — Time - Process, it must be specified Qxy, fx(t).

Tx: Stop Time at the state x.

fx(t): Probability Density Function of Tx.

Qxy: Probability of Change from the state x to the state y. X#Y.

QXX = 0 Il Z_‘;' Qx}r =)

The Continuous -Time Process will have the Markovian property, if fx(t) has an exponential
distribution. Therefore, have:

fu(t)= A e~ t>0

If It's assumed the states co, C1, C2, C3, C4 have the poisson distribution in each cycle, so the interval
space between each two the subsequent states follows an exponential distribution as follow:

1 )
ny(t) = (y—x} y=x
0 yx

Pxy(t): The probability that the Process starts from the state x and will be in the state y at t >
0.

e~ AT

ny(t) - ([ —x)!

() = - emie BT (=) e~ (e =5
P Xy (t) = -)\, e 14 o1 T
P’xy (t)t:o = qu
A y=x+1
p‘lx}-{ﬁ} = _.;'. J_r =x
0 otherwise

Pxx(t) = e~
P,xx (t) =) e #

P,xx (0) = '7L
qxx =-A , X > 0

|
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A y=x+1
Guy = )—A y=x
0 ot herwise
Ox = -Oxx
Qu=- =

QII

Therefore, have:
Q=1 if y=x+1

The time horizon, H, is divided into n equal cycle. It is assumed that the Process is in the state co
at time (j-1) T, (j=1...n), in the state c: at time (j-1) T +a, (j=1...n), in the state c, at time (j+k-1)
T, (j=1...n), in the state cz at time (j-1) T +p, (j=1...n) and in the state of c4 at time Tj, (j=1...n)

X: The Probability of that the process stays at co for at least o units of time and then enters to cy,

Y: The Probability of that the process stays at ¢ for at least (kT-o) units of time and then enters to
C2.

Z: The Probability of that the process stays at c» for at least (f —KT) units of time and then enters to
Cs.

W: The Probability of that the process stays at c3 for at least (T — ) units of time and then enters to
Ca.

Therefore, Changes of the process of the state co to the state c4 is shown as follows:

I ew*dty Qe - fop_he™™ dt; Qe . [y ke dts Qe . fp_p heT dt,.Qc,

|
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